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Abstract

Fixed point theory plays an important role in functional analysis, approximation theory, differential
equations and applications such as boundary value problems etc. The theory itself is a beautiful mixture of analysis,
topology, and geometry. Over the last 80 years or so the theory of fixed points has been revealed as a very powerful
and important tool in the study of nonlinear phenomena. In particular, fixed point techniques have been applied in
such diverse fields as Biology, Chemistry, Economics, Engineering, Game Theory, and Physics. Fixed point theory
broadly speaking demonstrates the existence, uniqueness and construction of fixed points of a function or a family
of functions under diverse assumptions about the structure of the domain X (such as X may be a metric space or
normed linear space or a topological space) of the concerned functions. In 2007, Huang & Xian [7] introduced the
notion of a cone metric space and established some fixed point theorems in cone metric spaces, an ambient space
which is obtained by replacing the real axis in the definition of the distance, by an ordered real Banach[3] space
whose order is induced by a normal cone P. In this paper we prove the existence of coincidence points and
common fixed points for large class of a almost contractions in cone metric spaces and obtain results of Berinde[4]
as a corollary in G -cone metric spaces.
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1. Introduction

Fixed point theory plays an important role in functional analysis, approximation theory, differential
equations and applications such as boundary value problems etc. The theory itself is a beautiful mixture of analysis,
topology, and geometry. Over the last 80 years or so the theory of fixed points has been revealed as a very powerful
and important tool in the study of nonlinear phenomena. In particular, fixed point techniques have been applied in
such diverse fields as Biology, Chemistry, Economics, Engineering, Game Theory, and Physics. Fixed point theory
broadly speaking demonstrates the existence, uniqueness and construction of fixed points of a function or a family
of functions under diverse assumptions about the structure of the domain X (such as X may be a metric space or
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normed linear space or a topological space) of the concerned functions. The concept of a metric space was
introduced in 1906 by M. Frechet [6]. It furnishes the common idealization of a large number of mathematical,
physical and other scientific constructs in which the notion of a “distance” appears.

One extension of metric spaces is the so called cone metric space. In cone metric spaces, the metric is
no longer a positive number but a vector, in general an element of a Banach space equipped with a cone. In 2007,
Huang & Xian [7] introduced the notion of a cone metric space and established some fixed point theorems in cone
metric spaces, an ambient space which is obtained by replacing the real axis in the definition of the distance, by
an ordered real Banach space whose order is induced by a normal cone P as follows:

Definition 1.1 : (Huang & Xian [7] ) Let E be a real Banach space and P a subset of E. P is called a cone if
(1) P is closed, non-empty and P # { 0 }

(ii) ax + by € P Vx,y € P and non-negative real numbers a and b.

(iii) P n (—P) = {0}.

Definition 1.2 : (L. G. Huang, Z. Xian ,[7] )

We define a partial ordering *on E withrespectto Pand P C E by x < y ifand only if y — x € P. We shall
write x << y if y — x € int P, int P denotes the interior of P. We denote by || . || the norm on E. The cone P is
called normal if there is a number K > 0 such that for allx,y €E , 0 < x<y implies

llxll = Kyl .o (12.0)

The least positive number K satisfying (1.2.1) is called the normal constant of P.

Definition 1.3: (L. G. Huang, Z. Xian ,[7] )

A cone P is called regular if every increasing sequence which is bounded from above is convergent. That is, if
{xp }ns1 18 @ sequence such that x;<x,<... <y for some y € E ,then there isx € E such that lim,_,..||x, —x|| = 0

Definition 1.4 : (L. G. Huang, Z. Xian ,[7] )

E is a real Banach space, P is a cone in E with intP # @ and < is the partial
ordering with respect to P. Let X be a non-empty setand d: X XX —» P a
mapping such that

(dy) 0 <d(x,y) forall x,y € X (non - negativity)

(d;) d(x,y) =0ifandonlyifx = y.

(ds) d(x,y) = d(y,x) forallx,y € X (symmetry)

(dy) d(x,y) < d(x,2) + d(zy)forall x,y,z € X (triangle inequality)

Then d is called a cone-metric on X and (X, d) is called a cone metric space.
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Example 1.5 : (L. G. Huang, Z. Xian ,[7])

LetE = R%,P = {(x,y) €EE/x,y >0},X = Randd: X X X — P defined by
dx,y)=(|x—y|,a|x-y|) wherea = 0 isa constant.

Then (X, d) be acone metric space.

Definition 1.6 : (L. G. Huang, Z. Xian ,[7] )

Let (X, d) be a cone metric space, x€ X and { x,,} ,>1 a sequence in X. Then

(1) {xn}n=1converges to x whenever for every ¢ € E with 0 << ¢ there is a natural number N such that d
(%, x) <<c foralln = N.

We denote this by lim,_,,x, =x orx, —>xasn— o

(ii) {xn}n=11s said to be a Cauchy Sequence if for every ¢ € E with 0 <<c there is a natural number N such
thatd (x,, X)) << cforalln,m = N.

(iii) (X, d) is called a complete cone metric space if every Cauchy Sequence in X is convergent.

L. G. Huang, Z. Xian [7] proved some fixed point theorems of contractive mappings, which generalize
the existing results in metric spaces such as Banach [3], Kannan [9] etc.

In 2008, Rezapour and Hamlbarani [11], proved that there are no normal cones with normal constant M <
1. Further, in [11] it is shown that for k > 1 there are cones with normal constant M > k. An example of a non
normal cone is given in [11]. Further, Rezapour and Hamlbarani [11] obtained generalizations of the results of L.
G. Huang, Z. Xian [7].

Definition 1.7 :

Let fand g be self maps of a non empty set X. If o = fx = gx for some x in X, then x is called a coincidence point of
fand g and o is called a point of coincidence of f and g.

Definition 1.8 :

Let fand g be two self-maps defined on a nonempty set X. Then fand g are
said to be weakly compatible if they commute at their coincidence points.
Thatis, fx =gx implies gfx =fgx

In 2008, M.Abbas and G.Jungck [1] obtained several coincidence and common
fixed point theorems for mappings defined on a cone metric space.

The following proposition is easy to prove .

We use this proposition in the main results.

Proposition 1.9: Let /' and g be weakly compatible self maps of a non empty set X. If fand g have a unique point
of coincidence ® = fx = gx , then o is the unique common fixed point of fand g.
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In this paper we prove the existence of coincidence points and common fixed points for large class of a
almost contractions in cone metric spaces and obtain results of Berinde[4] as a corollary in G -cone metric spaces.

Berinde [4] proved the following theorem for an almost contractive self map on a complete metric space.

Theorem 1.10 (V. Berinde [4], Theorem 1): Let (X, d) be a complete metric space

and T : X — X an almost contraction, that is a mapping for which there exist aconstant y € (0,1) and some H >0
such that

d(Tx,Ty) < p d(x,y) + Hd(y,Tx), for all x,ye X ... (L.10.1)

Then

LET)=xeX:Tx=x}#¢

2. For any xy€ X, the Picard iteration {x,},"-given by x,.+; = Tx,converges

to some x* € F(T);

3. The following estimate holds

d(xnﬁ-l: X*) = lli_u d(Xnaxn-l)a n= 071'27-”7 i= 172

This theorem concludes that T has a fixed point. However, the fixed point need
not be unique in view of the following example.

Example 1.11:Define T : [0,1] — [0,1] by T(x) = {(1)’ i : (1)

Then T satisfies (1.10.1) and T has two fixed points.
Berinde [4] extended this result as a coincidence theorem to two self maps on a
cone metric space(X,d) as follows

Theorem 1.12 (V. Berinde [4], Theorem 2):Let (X, d) be a cone metric space

and T, S : X — X be two mappings for which there exist aconstant y € (0,1) and some H = 0 such that
d(Tx,Ty) < p d(Sx,Sy) + Hd(Sy,Tx), for all x,y€ X .. (112D

If the range of S contains the range of T and S(X) is a complete subspace of X,

then T and S have a coincidence point in X. Moreover, for anyx,€ X, the iteration{Sx,}

defined by Sx,;; = Tx,converges to some coincidence pointx* of T and S.

The coincidence point obtained from theorem (1.12) need not be unique in view of

example (1.11) (by taking S = T).

In order to obtain a common fixed point theorem from the above coincidence

point theorem Berinde [4] imposed an additional contractive condition which makes

the coincidence point unique and hence becomes a common fixed point.

Theorem 1.13 (V. Berinde [4], Theorem 3):Let (X, d) be a cone metric space

and T, S : X — X be two mappings satisfying (1.12.1) for which there exist a constant

T € (0,1) and some M > 0 such that

d(Tx,Ty) <7 d(Sx,Sy) + M d(Sx,Tx), for all x,y€ X .. (1.13.1)

If the range of S contains the range of T and S(X) is a complete subspace of X,

then T and S have a unique coincidence point in X. Moreover, if T and S are weakly

compatible, then T and S have a unique common fixed point in X. In both cases, for anyx,€ X, the
iteration {Sx, }defined by Sx,+; = Tx,converges to unique common fixed point(coincidence point)x* of T and S.
Babu et.al [2] unified (1.12.1) and (1.13.1) in the metric space context for a single

map and obtained the following theorem.

Theorem 1.14 (G. V. R. Babu [2], Theorem 2.3):Let (X, d) be a complete metric
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space and let T : X —X be a map satisfying the condition

d(Tx,Ty) <7 d(x,y) + M min {d(x,Tx), d(»,Ty), d(x,Ty), d(y,Tx)} for all x,y€ X
Then T has a unique common fixed point.

In the cone metric space context of the above theorem, Berinde [4] has proved the
following Theorem 1.15.

Theorem 1.15 (V. Berinde [4], Theorem 4):Let (X, d) be a cone metric space

and T, S : X — X be two mappings satisfying (1.12.1) for which there exist a constant
T € (0,1) and some M > 0 such that

d(Tx,Ty) <7 d(Sx,Sy) + M min {d(Sx,Tx), d(Sy,Ty), d(Sx,Ty), d(Sy,Tx)}

for all x,ye X ...(1.15.1)

If the range of S contains the range of T and S(X) is a complete subspace of X,

then T and S have a unique coincidence point in X. Moreover, if T and S are weakly

compatible, then T and S have a unique common fixed point in X. In both cases, for anyx,€ X, the iteration{Sx,}
defined by Sx,.; = Tx, converges to unique common fixed point(coincidence point) x* of T and S.

Note:In Theorem 1.15 the right hand side of the equation (1.15.1) may not bemeaningful, since min {d(Sx,Tx),
d(Sy,Ty), d(Sx,Ty), d(Sy,Tx)} may not exist inP (cone of E).

In order to overcome this difficulty, in the next section we introduce the concept of G-type control function, and
obtain a satisfactory account of the above theorem.

2. Main Results

In this section we introduce the concept of G-type control function and obtain a
satisfactory account of theorem (1.15)

Definition 2.1:Let E be a real Banach Space and P a cone in E. Supposeq: P*—P is
a continuous function which satisfies the condition
(G) : @( p1,p2,p3,p4)= 0 if any one of py,p2,p3,p4 is zero. Then ¢ is called a G— type control function.

Example 2.2:Let E be a Banach space, P be a cone in E. Let p;,p,,p3,psbe bounded
linear functional on E. Define ¢: P*—Pby

O(P1,p2,P3:P4) = [ /1(P1)/2(P2)/3(P3)Sa(P)I( P1+P2tP3tPa)
Then ¢ is continuous and satisfies (p;,p,,p3,p4) = 0 if any one of py,p,,p3,p4is

zero. Thus ¢ is a G - type control function.

Definition 2.3: Let (X, d) be a cone metric space with normal cone P and normal constant K. suppose S =
{d(x,y) / x,y € X} is a totally ordered subset of P. Then (X, d) is called a S-cone metric space.

Theorem 2.4: Let (X, d) be a complete S-cone metric space and P a normal cone with

normal constant K. Suppose that the mappings f,g : X — X satisfy.

min {d (fx,gy),max {d (x, fx),d (y,gy)}} <6d (x,y) ...(24.1)
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for some 0 < © < 1 and for every x,y € X. Then f = g and f has a fixed point in X.
Proof: Put x = y in (2.4.1). We have
min {d(f,gv), max {d(x.fo).d(x.gx)} } <6 (x.x)
—min {d (fx,gx), d (x,fx) } < 0 and min {d (fx,gx), d (x,gx) } < 0
= d(fogy) =0
:>fx =gxVx
=f=49
Hence the given condition (2.4.1) reduces to
min {d(fx fy), max {d x fx),d @y )} }<0d((xy) .. (242)
Letxy, € X
Write x; =f(x), X, =f(%1), .o, Xn=f (Xp_1) ,n=1,2......
Letx = xpandy = x,44
Then, from (2.4.2), we have
min{d (fxn, fxne1), max {d (Xn, fxn), d (Xns1, fXn41) } 3 < Od (Xn, Xn41)
= min { d(rye1, Xos2)s Max { d(, Xpe1); Ay, Xin)}} = O o Xnt1)
=d (X1, ¥ns2) < Od (Xn, Xn41)
Hence d (11, Xnt2) < 0" d (x0,%1)
Since 0 < o < 1, follows that { x,,} is a Cauchy sequence.
Suppose x,,— x and put y = x,,
Then from (2.4.2) we have
min{d (fx, fi,), max {d (x, fx), d (e, )1} <6 d (x, x,)
_, min {d (f.x,.), max {d (x, fx), d(x, Xpe1) }} < 0 d (x, x,)
On letting n — oo |, we get
min{d (fx,x),max {d (x, fx),d (x,x)}} < 0=d (x,fx) = 0 =x = fx
Therefore f has a fixed point in X.

NOTE : If we take fas the identity function, clearly (2.4.2) is satisfied and every point of X
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is a fixed point. Hence in theorem 2.4 we cannot conclude uniqueness of the fixed point.

We give the following example in supporting theorem 2.4
1
Example 2.5: Let X = [0, Z l,E=R XR and
P={(x,y) €E /x> 0,y > 0}. Then P is a normal cone with normal constant 1.
: 1
Defined: X x X = Pbyd (x,y) = (ly —x]), 5 ly —x|) and

f:X - Xbyf (x) = x%.Then

1 1 1
=>min {( | y*-x* I,Elyz—x2 I),maX{(Ixz-xI,E [ x?=x ), (| yz-yl,glyz-yl}}

1 1
< — (y-x|, — |y-x
2(|y I2Iy D)

so that f'satisfies condition (1.13.2) with 6 =

N | =

Also Ois a fixed point of f.
Example 2.6:Let (X,d) be a S — cone metric space and let S, T be self maps on X.
Define @(x,y) = min {d(Sx,Tx), d(Sy,Ty), d(Sx,Ty), d(Sy,Tx)}V x, y€ X then ¢ is a G-type control function.
Theorem 2.7 :Let ( X,d) be a cone metric space and let T,S : X — X be two
mappings for which there exist a constant u € (0, 1) and a G — type control function ¢
such that
d(Tx,Ty) < ud(Sx,Sy) + ¢ {d(Sx,Tx), d(Sy,Ty), d(Sx,Ty), d(Sy,Tx)} ... (2.7.1)
V x, y€ X. If the range of S contains the range of T and S(X) is a complete
subspace of X, then T and S have a unique coincidence point in X. Moreover, if T and
S are weakly compatible, then T and S have a unique common fixed point in X. In
both cases, for anyx)€ X, the iteration{Sx,} defined by Sx,.; = Tx,converges to unique
common fixed point(coincidence point) x* of T and S.
Proof:Let xobe an arbitrary point in X. Since T(X) c S(X), we can choose a point

x1in X such that Tx, = Sx;. Continuing in this way, for x, in X, we can find
Xn41 EX suchthat Sx,,; =Tx,,n= 0,12 ...(2.7.2)
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If x =x,_1 , ¥y =x, aretwo successive terms of the sequence defined by(2.7.2),
then by ( 2.7.1) we have

d(Txp—1,Txn) < ud(Sxp—_1,Sx3) + @ {d(Sxtp—_1,Txn1), d(Sxn, Txn), d(Sxp-1,Ty),
d(Sx,,, Tx,—1)}

= d(Txp_1,Tx,) S pud(Tx, o, Txp_q) + @ {d(Tx,_2, Txp_q), d(Txp,_1,Txy), d(Tx,_,,Txy,),
d(Txp—1,Tx,—1)}

In view of (2.7.2) since d(Tx,_;,Tx,_1) =0, the above equation reduces to

d(Toxy—1,Txp) < ud(Txp 2, Txy )

d(Tx,_1,Tx,) < p2d(Txy_5, T, 1)

Hence in general we have

d(Txp_q,Txy) < u™ 1d(Txo,Tx;)

Now for p > 1, we get

d(Txp1p,Txn) < d(Txtp4p, Txpip—1) + (T pp-1,Txnp2) T oo+ d(Txy 44, Txy)

<u™PTIA(Txy, Txg) + ™ P=2d(Txg, Txy) + ... + ud(Txo,Tx;)

= pr(pPTt PP 4 L+ DA(Txg, Txy)

"(-pP)
= d(Txg, Txy)

< lﬂ_—ud(Txo,Txl)
Let now 0 <<¢ be given. Choose A > 0 such that € + N;(0) < int P, where

N;(0)={y € E: |l y |l < A}. Also choose a natural number N; such that

5d(Txo,Tx1) € N0)Vn =N,

Then %d(Txo,Txl) <<e¥n =N,

Hence d(Txp4p,Tx,) < %d(Txo,Txl) <<gV n = Nywhich shows that {Tx,} is a Cauchy sequence and hence {Sx,}
is also Cauchy.

Since S(X) is complete, there exists x* in S(X) such thatlog,,_,., Tx, =log, . Sx, =x*

.. (2.74)

We can findp € X such that Sp = x* ( since x* € S(X) )

Now we show that {Tx,} — Tp
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We have, by (2.7.1)

d(Tx,,Tp) = ud(Sxp.Sp) + @ {d(Sx,,Txy), d(Sp,Tp), d(Sx,,Tp), d(Sp,Tx,)}

On letting n — oo, we get that

lim,,_,, d(Tx,,Tp) <lim,,_, o, ud(Sx,,,Sp) + ¢ {d(Sx,,,Tx,), d(Sp,Tp), d(Sx,,,Tp), d(Sp,Tx,,)}
=1lim,,_, ¢ ud(Sx,,Sp) + @ {ii_r)rolod(an,Txn), d(Sp,Tp), 111i_r)r.30d(an,Tp),

lim d(Sp,Txy,);
= pd(x*x*) + @ {d(x*x*), d(x*,Tp), d(x*,Tp), d(x*x*)}
=0

So that lim,,_,., d(Tx,,Tp) < 0

Hence lim,,_,o, d(Tx,,Tp)=0

Thus Tx, — Tp ...(2.7.5)

By (2.7.4) and (2.7.5) follows that Tp = Sp = x*

=pis a coincidence point of T and S or x* is a point of coincidence of T and S

Now we prove that x*, point of coincidence of T and S, is unique.

Tx=Sx=y* and Sp=Tp =x* be two points of coincidence of T and S.

Then we show that x* = y*

We have from

d(Tx,Tp) < ud(Sx,Sp) + ¢ {d(Sx,Tx), d(Sp,Tp), d(Sx,Tp), d(Sp,Tx)}

= nd(Tx,Sp) + ¢ {0, 0, d(Sx,Tp), d(Sp,Tx)}

= d(Tx,Tp) < ud(Tx,Sp) + 0
= pd(Tx,Tp)

= d(Tx,Tp)=0

=>Tx=Tp

Sx* =y*

Thus x* is the unique point of coincidence of T and S
Now suppose T and S are weakly compatible.

Then, by Proposition 1.9, x* is the unique point of coincidence of T and S
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